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VERTICES OF DEGREE k IN EDGE-MINIMAL, k-EDGE-CONNECTED
GRAPHS
CARL KINGSFORD AND GUILLAUME MARÇAIS
Halin [1] showed that every edge-minimal, k-vertex -connected graph has a vertex of degree
k. In this note, we prove the analogue to Halin's theorem for edge-minimal, k-edge-connected
graphs:
Theorem 1. Let G be an edge-minimal, k-edge-connected graph. Then there are two nodes
of degree k in G.
To prove Theorem 1, we first establish a link between edge-minimal, k-edge-connected
graphs and exactly k-edge-connected graph [2] (Definition 7 and Proposition 9). The theo-
rem is proved in the case of G being an exactly k-edge-connected graph (Proposition 16) and
then transfered to edge-minimal graphs. Throughout, all graphs considered are multigraphs
and all sets are multisets.
The edge-connectivity equivalence relation.
Proposition 2. The edge version of Menger's theorem holds for multigraphs.
Proof. Any multi-edge in the graph G can be replaced by a length 2 path to get a graph G′.
There is then an obvious bijection between the paths in the original multigraph G and the
resulting graph G′. The result of the Menger theorem on G′ can be immediatly applied to
G. 
Definition 3. Let v1R
kv2 be the relation between nodes v1 and v2 that holds if v1 = v2 or
there are k edge-disjoint paths between v1 and v2.
Proposition 4. Rk is an equivalence relation.
Proof. Rk is by definition reflexive and symmetric. Let G be a graph, let v1, v2, v3 ∈ G
satisfy v1R
kv2 and v2R
kv3. If v1 = v2, v2 = v3 or v1 = v3, then transitivity is obvious.
Suppose that v1, v2 and v3 are distinct vertices and let S be an edge set of cardinality k−1.
There are k edge-disjoint paths from v1 to v2 in G so, v1 and v2 are still connected in G \ S
and so are v2 and v3. So we have a path v1  v2  v3 in G \ S. By Menger's theorem,
the set of paths between v1 and v3 in G has cardinality at least k and v1R
kv3, and R
k is
transitive. 
Proposition 5. There are at most k−1 edge-disjoint paths between two equivalency classes
of Rk.
Proof. Suppose we have k edge-disjoint paths, pi, 1 ≤ i ≤ k, between C1 and C2, two distinct
equivalency classes of Rk in graph G. Let v1i , 1 ≤ i ≤ k and v2i , 1 ≤ i ≤ k be the endpoints
in C1 and C2 respectevily of k edge-disjoint paths. (Note that the v
1
i are not all necessary
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distinct. This is true for the v2i as well.) Let S be a set of k−1 edges. Then, in G\S, at least
one path, say pi0 , was not disconnected. Because v
1
1R
kv1i0 , v
1
1 and v
1
i0
are not disconnected.
Similarly, v21 and v
2
i0
are not disconnected. So we have a path v11  v1i0  v
2
i0
 v21. By
Menger's theorem, v11R
kv21, which is a contradiction. 
Relationship between exact connectivity and minimality.
Proposition 6. Let G = (V,E) be a k-edge-connected graph. G is edge minimal if and only
if for any adjacent vertices (u, v) ∈ E, there are at most k edge disjoint u− v paths.
Proof. Let e = (u, v) ∈ E such that there are > k edge-disjoint u− v paths. In G− e, there
are at least k edge-disjoint u − v paths. Let x and y be any two vertices, not necessarily
distinct from u and v. There are k edge-disjoint x−u paths in G. So, depending on whether
or not edge e is on one of these x− u paths, in G− e there are either k edge-disjoint x− u
paths, or there are k − 1 edge-disjoint x− u paths and a x− v path edge disjoint from the
k − 1 x − u paths. There is a similar situation in G − e between y, v and u. Let S be a
set of k − 1 distinct edges of G − e. In G − e − S, there is a x − u or x − v path, a y − u
or y − v path and a u− v path. Hence there is a x− y path and S is not a separating set.
By Menger's theorem, G − e is k-edge-connected, and G is not edge minimal. Conversely,
suppose that for any edge e = (u, v) ∈ E there are at most k edge-disjoint u − v paths.
Then in G− e there are at most k− 1 edge disjoint u− v paths. So G is edge minimal. 
Definition 7. A graph G is called exactly k-edge-connected if there are exactly k edge
disjoint paths between any two nodes u, v ∈ G.
Definition 8. Let G be a k-edge-connected graph. Define Gk to be a graph where the
vertices are the equivalency classes of Rk+1 on G and there is an edge (v1, v2) ∈ Gk for every
edge (u1, u2) ∈ G with u1 ∈ v1 and u2 ∈ v2.
Proposition 9. If G is an edge-minimal, k-edge-connected graph then Gk is not trivial and
is exactly k-edge-connected.
Proof. If G is edge minimal, it is not (k + 1)-edge-connected, so Rk+1 has more than one
equivalency class, and Gk is not trivial. Gk is k-edge-connected like G. By Proposition 5, it
is exactly k-edge-connected. 
Proposition 10. Let G be an edge-minimal, k-edge-connected graph, and let v ∈ Gk be an
equivalence class of Rk+1. Then, for any u ∈ v, degGk(v) ≥ degG(u).
Proof. Let v ∈ Gk. By Proposition 6, if u1, u2 ∈ v, then (u1, u2) is not an edge in G. So
every neighbor of u1 is not in v and by construction degGk(v) ≥ degG(u1). 
Proof of Theorem 1.
Definition 11. An edge cut S of a graph G is called trivial if one of the components of
G \ S is the trivial graph.
Definition 12. A k-regular graph is a graph where all vertices have the same degree k. A
quasi k-regular graph is a graph where at most one vertex has a degree different than k.
Lemma 13. An exactly k-edge connected graph G which has only trivial cuts is quasi k-
regular.
Proof. Suppose there exists two vertices u and v of degree greater than k. There exists a
minmum cut separating u and v and this cut cannot be trivial. 
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Definition 14 (Vertex splitting). Let G = (V,E) be an exactly k-edge connected graph
and S = 〈V1, V2〉 be a non-trivial minimum cut. Construct G1 = (V1 ∪ {x1} , E1) and G2 =
(V2∪{x2} , E2) by adding two new vertices x1 and x2 attached respectively to G1 and G2 by
k new edges to the vertices adjacent to S. Formally, let S = {(ui, vi) ∈ V1 × V2 : 1 ≤ i ≤ k}
and
E1 = (V1 × V1 ∩ E) ∪ {(x1, ui) : 1 ≤ i ≤ k}
E2 = (V2 × V2 ∩ E) ∪ {(x2, vi) : 1 ≤ i ≤ k} .
The pair G1, G2 is called a vertex splitting of G with respect to S.
Proposition 15. Let G be an exactly k-edge-connected graph, and let S be a non-trivial
minimum cut. G1 and G2 obtained from vertex splitting G with respect to S are exactly
k-edge-connected.
Proposition 16. Let G be an exactly k-edge-connected graph. Then there are two vertices
of degree k in G.
Proof. We proceed by induction on the number of non-trivial minimum cuts in G. If G has
no non-trivial minimum cuts, then it is quasi k-regular and has at least 2 nodes of degree
k. Let S = 〈V1, V2〉 be a non-trivial minimum cut and let G1 and G2 be the vertex splitting
graphs induced by S. Call x1 and x2 the new vertices (V (Gi) = Vi ∪{xi}). Suppose T were
a non-trivial minimum cut in G1. Construct a corresponding non-trivial minimum cut T
′ in
G by changing any edge used by T that is adjacent to x1 to the corresponding edge in S.
So to any non-trivial minimum cut of G1 or G2 corresponds a distinct non-trivial minimum
cut in G. But no non-trivial cut in G1 or G2 corresponds to the cut S (it would be a trivial
cut in G1 and G2). So both G1 and G2 have fewer non-trivial minimum cuts than G. By
induction G1 and G2 have 2 nodes of degree k, including x1 and x2. So, G has the same
vertices as G1 and G2, except for x1 and x2, with the same degree. Hence it has 2 nodes of
degree k. 
Proof of Theorem 1. By Proposition 16, Gk has two vertices of degree k. Let v be an
equivalence class of Rk+1. If v contains two distinct vertices u1 and u2 of G, then there are
at least k + 1 edge disjoint u1 − u2 paths in G and both u1 and u2 have a degree ≥ k + 1.
By Proposition 10, v also has degree ≥ k + 1 in Gk. Hence, the vertices of degree k in Gk
correspond to equivalence classes that must each contain at most one vertex of G of degree
k. Therefore, G has two vertices of degree k. 
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